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Abstract12

In this paper, a small-signal model of a single cell Polymer Electrolyte Membrane13

Fuel Cell (PEMFC) was developed based on state-space approach to study the14

effect of various operating conditions on the dynamic responses of the fuel cell.15

Dynamics of hydrogen, oxygen, and water partial pressure were considered in16

the modeling procedure. The transient responses of a single- and multiple cell17

PEMFC were also investigated as the operating parameters of air flow rate, fuel18

flow rate, temperature, anode/cathode relative humidity level, and electrical19

current were varied. Next, the studied PEMFC was integrated to the main20

grid using a boost DC/DC converter and a DC/AC converter. The stability21

of the overall system was tested through eigenvalue analysis in MATLAB, and22

several case studies were designed to examine the sensitivity of boost converter23

parameters and phase-locked loop (PLL) on the stability of the overall system.24

The analysis results were then validated on a 100 Watt simulated PEMFC in25

MATLAB Simscape Power System toolbox, and a set of optimum operating26

conditions were proposed.27

Keywords: Small-signal analysis, State-space modeling, Phase-locked loop28

(PLL), Time-domain simulations, Polymer Electrolyte Membrane Fuel Cell29

(PEMFC).30

1. Introduction31

1.1. Problem Statement32

The high energy efficiency and considerably low emission of fuel cells have33

made them potential candidates for energy storage in the past few years [1].34

It was in 1970s, after the successful exploitation of fuel cells in the space pro-35

gram that a global interest in fuel cells initiated vast research efforts in this36
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topic. Various forms of fuel cells have been designed that are recognized based37

on their electrolytes. Some of these include Proton Exchange / Polymer Elec-38

trolyte Membrane Fuel Cells (PEMFC), Solid Oxide Fuel Cells (SOFC), Phos-39

phoric Acid Fuel Cells (PAFC), Molten Carbonate Fuel Cells (MCFC), Alkaline40

Fuel Cells (AFC), Direct Methanol Fuel Cells (DMFC), and Zinc Air Fuel Cells41

(ZAFC) [2–5]. Although the notion of fuel cell was introduced more than half a42

century ago and the chemical and physical concepts of it are established, some43

of its operational difficulties have prevented fuel cells to completely replace con-44

ventional batteries. Some of the main challenges include the need for sustainable45

fuel (i.e. hydrogen in the case of PEMFCs) that is portable and can be safely46

stored; slow transient response to load changes; and finally the cost. To address47

the two latter, the control, the design, and the optimum operation of fuel cells48

should be studied to understand the dynamic behaviour of them as a function of49

voltage, power, current, and load change. Such is specifically crucial for the fuel50

cell usage in power systems and electrical vehicles (the two main applications51

of energy storage) [6, 7].52

1.2. Literature Review53

There has been a significant effort on modeling and analyzing fuel cells for54

improved performance and reduced cost [8–18]. To study the effect of water55

diffusivity, surface roughness, and water content driving force in PEMFCs, the56

water mass balance and hydration of a PEM fuel cell were formulated by a57

mathematical zero-dimensional model [8] . The performance of a PEMFC in58

terms of the operating pressure and voltage was studied, and the efficiency and59

exergy of the fuel cell was discussed as the voltage, pressure and cleaning pro-60

cess varied in [12]. The effect of flooding on the performance of PEMFCs was61

studied by developing one-dimensional steady-state model based on a capillary62

pressure-saturation relationship in [13]. In a separate study, a one-dimensional63

numerical model was developed to investigate the performance of a PEMFC64

against operating conditions [14]. A high temperature operating PEMFC with65

phosphoric acid-doped polybenzimidazole (PBI) membrane was modeled, for66

which the simulation results showed variable durability of the system with the67

current density and the membrane doping level. In another study, the perfor-68

mance of a high temperature operating PEMFC under various working condi-69

tions was investigated by developing a numerical method with AspenPlusTM
70

code, a more complex and expensive software compared to MATLAB [15]. A71

different study proposed a mathematical model able to capture the variations72

of the gas composition in the anode channel in a dead-ended anode mode op-73

erating PEMFC [18]. All the above mentioned references only considered the74

steady-state operating modes of the PEM fuel cells and ignored the small-signal75

dynamics.76

The dynamic (transient) models investigate step changes in potential and77

associated circumstances such as gas flow rates, water generation, and current78

density. Therefore, in a single-cell fuel cell, the transient models reveal how79

various load requirements are handled. Fuel cells have transient responses that80

are much slower than the dynamic responses of the typical power conditioner and81
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load to which they are attached. As such, the fuel cell’s inability to change its82

electrical output (current) as quickly as the electrical load changes has significant83

implications on the overall power system design. Therefore, to design a more84

efficient fuel cell system, dynamic models are crucial to analyze the performance85

of fuel cells in a wide range of operating point conditions. Small-signal modeling86

and analysis is an appropriate dynamic modeling technique to asses the dynamic87

stability of fuel cell systems for the most efficient response [19]. A few papers88

studied the small-signal modeling of PEM fuel cells. A small-signal state-space89

model was developed, and a dynamic model was simulated for a PEMFC in90

[20], which ignored the fuel cell’s electrochemical reactions and AC dynamics.91

One study developed a state- and transfer function model for a PEMFC coupled92

with a DC/DC converter [21], yet again, it focused only on the electrical aspects93

of the fuel cell and the chemical reactions and the operating parameters were94

not considered.95

Another study developed the state-space and thermodynamic models and96

airflow control for a PEMFC, and used experimental results via LabView to97

verify the analysis [22]. Nevertheless, the study concentrated mainly on the air98

excess ratio responses and real-time control of the fuel cell system. In another99

study, a three-phase converter was designed for PEMFCs in electrical vehicle100

applications and a circuit model of the converter was developed to control the101

output voltage [23]. However, the electrochemical or thermodynamic models of102

the fuel cell and the effects of operating conditions on the output voltage were103

not discussed. A state-space model of a PEMFC was developed to improve104

the original state-space model developed by the Department of Energy (DoE)105

[24]. Although the developed model showed some improvements in transient106

responses compared to the original DoE model, the focus was on the model107

validation and not on the small-signal analysis of PEM fuel cells operating in108

various operating conditions. There exist some studies that discussed modeling109

and analyzing the stability of PEM fuel cells in smart grids [25–28]. For example,110

small-signal and large-signal models of the static and dynamic behavior of a111

PEMFC were developed [26]. However, like in [24], grid integration of the fuel112

cell was not included. A PEMFC with a boost DC/DC converter was modeled in113

[28] and the converter control was designed to accomplish the highest efficiency.114

However, no inverter was included in the study for grid connection. In a more115

recent study, a fuzzy logic controller was used to test the integration of PEMFCs116

to the grid [29]. But, it did not discuss the small-signal analysis of the system117

nor the dynamics of the fuel cell. Overall, the current research in PEM fuel118

cell stability analysis overlooked either the chemical dynamics (fuel cell stack119

dynamics) or the electrical dynamics (dynamics of the boost converter and the120

inverter).121

Therefore, to the authors’ best of knowledge, the existing literature lacks a122

comprehensive analysis of PEM fuel cells that not only considers the electro-123

chemical and thermodynamic models of the fuel cell but also takes into account124

the full grid-connected electrical dynamics of the system considering the per-125

formance of the fuel cell under various operating conditions for the maximum126

efficiency.127
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1.3. Our Contributions128

To address the above limitations in the available research on PEMFCs, this129

work presents a detailed state-space small-signal model of the PEMFCs for opti-130

mizing the performance under different operating conditions, as well as stability131

analysis for grid-connected PEMFCs. The small-signal and the stability analy-132

sis results are then validated using a detailed time-domain simulation model in133

several scenarios. A summary of our contributions is highlighted as:134

135

• A detailed mathematical analysis considering electrochemical and thermo-136

dynamic models associated with the fuel cell stack was developed.137

• State-space model of a PEM fuel cell stack was derived considering the138

fuel cell dynamics, dynamics of the DC/DC boost converter, dynamics of139

the three-phase inverter, AC dynamics, controller dynamics of the boost140

converter, and phase-locked loop.141

• Eigenvalue analysis was performed to examine the stability of the inte-142

grated PEMFCs for grid connections.143

• Sensitivity analysis was conducted to investigate potential instability prob-144

lems associated with DC/DC converter design or inverter parameters.145

• Dynamic behavior of the output voltage, also called “voltage” for brevity,146

was studied as a function of the operating conditions such as number of147

cells, airflow rate, fuel flow rate, temperature, and current.148

• A detailed time-domain simulation model was used to validate and verify149

the thermodynamic analysis results.150

• Case studies were provided to demonstrate the effect of various working151

parameters on the fuel cell’s performance.152

• Recommendations were made to optimize the performance of the PEMFC.153

1.4. Paper’s Outline154

The paper’s organization is provided in the following: Section 2 describes155

the system and its small-signal state-space modeling, Section 3 discusses the fuel156

cell dynamics including all the electrodynamics, electrochemical, and electrical157

sectors of the PEMFCs, Section 4 discusses stability analysis results, Section158

5 includes detailed simulation model and six case studies to verify the analy-159

sis results using the time-domain simulations with a discussion subsection to160

summarize these results, and Section 6 concludes the paper.161
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Figure 1: A schematic of a grid-connected PEM fuel cell stack through a boost converter and
a three-phase inverter.

2. Small-Signal State-Space Modeling162

2.1. System Description and Control163

The structure of the studied system is shown in Figure 1. The fuel cell stack164

provides a low-voltage DC output. In order to connect the fuel cell stack to165

the grid, which operates in AC mode, an inverter is required to convert the166

fuel cell’s generated DC power to usable AC power. The grid voltage (vg(t)) is167

represented as a three-phase balanced signal represented by [30]:168

vg(t) =


vga(t) = Vrms

√
2 cos(ωt)

vgb(t) = Vrms

√
2 cos(ωt− 2π/3)

vgc(t) = Vrms

√
2 cos(ωt+ 2π/3)

(1)169

The inverter is a three-phase voltage source converter (VSC), which has a reg-170

ulated DC voltage on the DC side and uses two transistors on each phase that171

switch on/off at high frequency to generate an AC voltage in the output. The172

process of switching transistors is done by pulse width modulation (PWM) tech-173

nique.174

2.2. Pulse Width Modulation (PWM)175

Sinusoidal PWM (SPWM) is normally used in three-phase inverter applica-176

tions, that uses a sinusoidal reference signal with amplitude Vctr and frequency177

of fn = 60 Hz to regulate the output voltage of the converter. The sinusoidal178

reference is compared with a high frequency triangular or a sawtooth waveform179

to identify switching on each phase of the inverter. This method is represented180

in Figure 2, where switch operation for upper and lower transistors in each phase181

is represented by:182 {
Vctr > Vtri Upper Switch is On

Vctr < Vtri Lower Switch is On
(2)183
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In Figure 2, the top figure is the reference sinusoidal waveform, the second plot184

is the sawtooth waveform at high frequency, and the last two figures are the185

switching signals for the upper and lower switches in each phase. For switching

Figure 2: Representation of the SPWM concept for one phase of the inverter.

186

signals of the other two phases of the inverter, the control signals for phases b187

and c will be displaced by 120 degrees compared to phase a [31].188

Since the output of the converter will be highly distorted (due to high switching189

frequency of transistors), a passive filter composed of inductive, capacitive, and190

resistive elements (also known as RLC filter), will be used to mitigate the un-191

wanted harmonics in the output of the converter and generate a pure sinusoidal192

waveform in the output [32].193

2.3. Phase-Locked Loop (PLL), Current, and Power Controllers194

On top of the PWM and filter, the inverter should regulate the amount of195

active and reactive power that is sent to the grid using a closed-loop control.196

This control mode is also called “grid-connected” mode of operation, where the197

voltage and frequency is regulated by the grid and the converter only exchanges198

power with the grid. The converter needs to synchronize itself to the grid, this199

synchronization is done through a phase-locked loop (PLL) controller that mea-200

sures the voltage at the point of common coupling (PCC) (point p in Figure201

1). The grid-connected operation of the inverter is normally done by vector202
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control in dq reference frame, also known as synchronous reference frame, where203

proportional integral (PI) regulators can be used to regulate the converter’s204

active and reactive powers. Therefore, the reference signals to be sent to the205

PWM unit will be derived by transformation of reference voltages in dq frame206

(V ∗
cd and V ∗

cq in Figure 1). The inner current control and active and reactive207

power controllers will generate the reference voltages in dq frame, V ∗
cd and V ∗

cq.208

The structure of these two control loops is illustrated in Figure 3. The current
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Figure 3: Inverter control in dq frame.

209

controller is in charge of regulating the converter current in case of faults or fail-210

ures. When faults occur, high currents will flow into power system components,211

which might damage the inverter. Therefore, the current controller protects the212

converter against overcurrents. The input of the inner current controller is the213

reference dq frame currents, which will be supplemented by the power controller.214

The reference signals will be compared to the measured converter current in the215

output, icd and icq (which are derived by converting ic to dq frame using abc216

to dq conversion block in Figure 1). Decoupling terms are also added to have217

independent control and active and reactive components of the current. The218

power controller uses two PI controllers to regulate the error between the mea-219

sured active/reactive power and the reference values. This controller is called220

a “vector control”, which is widely used in power electronics applications. The221

readers are encouraged to refer to [32] for more information on vector control222

of inverters in smart grids.223

2.4. DC/DC Boost Converter224

For balanced operation, the output voltage of the inverter should have the225

same magnitude as the grid voltage. For the inverter to generate Vrms in the226

output (Vc(t)), the DC side voltage should at least be twice the root mean square227

(RMS) voltage at the AC side [31]. Therefore, to have an output AC voltage228

with magnitude of 120 V(AC) in the output of the converter, the DC side voltage229

should be at least 250 V(DC). However, the PEM fuel cells cannot generate that230

high DC voltage, therefore, another converter is required in between to boost231

up the PEM fuel cell’s voltage to high voltages around 250 V(DC). A DC/DC232
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boost converter is used to step up the fuel cell’s voltage to the level inverter233

needs (250 V(DC)). Furthermore, this voltage should be regulated so that the234

inverter generates an AC voltage with fixed magnitude in the output. The235

voltage regulation is done by controlling the duty cycle of the DC/DC converter236

switch using a feedback control loop through a proportional integral controller.237

Details of closed-loop control of DC/DC converters can be found in [32].238

2.5. Small-Signal Model of the System239

The small-signal model of the overall system will be derived in the following240

sections. In order to use the state-space modeling technique for the PEM fuel241

cell, the state variables of the fuel cell need to be represented in first order242

differential equations [33]. The linearized, small-signal model of the system can243

then be expressed using equation (3).244

∆ẋ = A∆x+ B∆u (3)

∆y = C∆x+ D∆u (4)

where A and B are system matrices representing the properties of the system245

and are determined by the fuel cell structure and elements. Matrices C and D246

are the output equation matrices that are determined by the particular choice of247

output variables. In addition, the state variables of the system are represented248

by the vector ∆x, the first order derivatives of the state variables are represented249

by ∆ẋ, the system input vector is ∆u, and ∆y is the output of the system. In250

the following, derivation of matrices A, B, C, and D for the components of the251

grid-connected PEM fuel cell is elaborated.252

3. PEMFC Dynamics253

3.1. Electrochemical Reactions254

In polymer electrolyte membrane fuel cells hydrogen is oxidized at the anode255

and produces H+ ions and free electrons:256

H2 → 2H+ + 2e− (5)257

At the cathode, these products will react with oxygen to form water and heat:258

2H+ + 2e− + 0.5O2 → H2O (6)259

The two equations of (5) and (6) can be combined as:260

H2 + 0.5O2 → H2O (7)261

To overcome the slow kinetics of these reactions, the membrane of PEMFCs is262

coated with highly dispersed catalyst particles, such as platinum or nickel which263

will reduce the activation energy level and thus expedite the reaction rate. The264

membrane itself is a material, such as Nafion, made of Perfluorinated Sulfonic265

Acid (PFSA) which is a synthetic polymer known as polyethylene. Nafion offers266
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great advantages such as durability and hydrophobicity, which will draw the267

water out of the cell and thus prevent it from flooding [23]. As illustrated in268

Figure 1, at the anode, the hydrogen ions pass through the proton exchange269

membrane, moving towards the cathode, while the electrons are transferred270

out through a wire [34]. At the cathode, the arrived hydrogen ions react with271

the supplied oxygen and combined with the electrons transported with wire to272

produce water (Figure 1).273

3.2. Voltage Dynamics274

While the electrical power and energy output can be calculated from equa-275

tions (8) and (9), the energy of the chemical inputs and outputs is obtained276

from the “Gibbs free energy” (∆G) and Nernst equation (Equations (10) to277

(12)) [35].278

p(t) = v(t)i(t) (8)

e(t) =

∫ t

t0

p(τ)dτ (9)

where p(t) is the instantaneous output power, e(t) is the energy at anytime,279

v(t) and i(t) are the time-domain voltage and current, respectively, and t is the280

time. Consider the reaction (9), then the free Gibbs energy of the total reaction281

will be [34]:282

∆G = GH2O −GH2 − 0.5GO2 (10)283

where GH2O, GH2 , and GO2 refer to the free Gibbs energy of water, hydrogen,284

and oxygen, respectively. At the same time,285

∆G = −zFEcell (11)286

where z is the number of electrons transferred in the redox reactions, F is the287

Faraday constant (9.64853399× 104 coulombs per mole of electrons), and Ecell288

is the electrical energy of the cell.289

On the other hand, according to the Nernst equation, electrical energy of the290

cell can be calculated from the activity of the products and reactants as [36]:291

Ecell =
RT

zF
× ln

(
cH2
× c0.5O2

cH2Oc

)
(12)

where R is the universal gas constant equal to 8.314 J/mole.K, T is the temper-292

ature in K, and cH2Oc, cH2
, and cO2

are the concentrations of water vapour in293

the cathode, hydrogen, and oxygen gas, respectively. According to the ideal gas294

law, the concentration of a gas component is equivalent to its partial pressure295

[34]. Therefore,296

Ecell =
RT

zF
× ln

(
PH2 × PO0.5

2

PH2Oc

)
(13)
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where PH2Oc, PH2, and PO2 are the partial pressures of water vapour in297

cathode, hydrogen, and oxygen gas respectively. The cell voltage equation after298

the circuit is closed will be:299

Vcell = E◦ + Ecell − L (14)

where E◦ is the open circuit voltage of the cell and L is the voltage losses.300

Replacing Ecell from equation (9) will result in:301

Vcell = E◦ +
RT

zF
× ln

(
PH2 × PO0.5

2

PH2Oc

)
− L (15)

The output voltage for a fuel cell stack containing N cells will be Vout = NVcell:302

Vout = N(E◦ +
RT

zF
× ln

(
PH2 × PO0.5

2

PH2Oc

)
− L) (16)

where Vout is the output voltage of the fuel cell stack and N is the number303

of cells in each stack.304

3.3. Voltage Losses; Fuel Cell Irreversibilities305

The concomitant voltage losses can be summarized as follows:306

1. Activation losses, occurring at the surface of the electrodes and represent-307

ing the slowness of the reactions. These losses can be calculated from the308

“Tofel equation” as [23]:309

∆Vact = a× log(
i

io
) (17)

where a is a constant, i is the current density (A.cm−2) and io is the310

“exchange-current density”.311

2. Internal currents and fuel crossover, caused by passing a small amount of312

electrons through the electrolyte from the anode to the cathode, instead313

of being collected at the anode for electricity production. This loss can be314

calculated from [23]:315

∆Vact = −A× ln(
i+ in
io

) (18)

A =
RT

2αF

where in is the internal current density and α is the chargetransfer co-316

efficient and is equal to the ratio of the electrical energy applied that is317

captured in changing the rate of an electrochemical reaction.318
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3. Ohmic (or resistive) losses, measuring the resistance to the flow of ions319

through the electrolyte and are directly proportional to the current den-320

sity. The ohmic losses can be calculated from the Ohm’s law [23]:321

∆V = ir (19)

where r is the output resistance in kΩ cm2 and ∆V is voltage gain in322

volts.323

4. Concentration or masstransport losses, stemmed from the concentration324

variations of the reactants at the surface of the electrodes as the fuel is325

being consumed. These losses are expressed in terms of a voltage gain and326

calculated as:327

∆V = −RT
2F
× ln(1− i

il
) (20)

or simplified as328

∆V = −b× ln(1− i

il
) (21)

where b is a constant and il is the limiting current density related to329

concentration losses.330

Combining all four categories of fuel-cell irreversibilities (or losses), L will be331

defined as:332

L = (i+ io)r + a× ln(
i+ in
io

)− b× ln(1− i+ io
il

) (22)

Replacing L in equation (16) with equation (22), the output voltage of fuel cell333

considering its losses can be obtained.334

3.4. PEMFC Small-signal Model335

A key concern in the PEMFCs is the hydration and water movement. While336

ample water is essential in the electrolyte to keep the proton activity at a high337

level, the content of the water must be carefully managed to prevent flooding in338

either of the catalyst layers. Therefore, three state variables of the system would339

be the flow rates of inlet hydrogen and oxygen, as well as the inlet water vapor340

flow rate to the cathode. The number of gas molecules in the cell was obtained341

from the ideal gas law, PV = nRT , where P is the partial pressure of the gas342

(Pa), V is the volume of the anode or the cathode, and n is the number of gas343

molecules present in the cell, which is equal to the gas molecules in the inflow344

minus the produced/consumed flow and outflow [23]. For instance, for inlet345

hydrogen gas, the ideal gas law will be written as PH2. VA = nH2R T , where346

VA is the anode volume in m3, and nH2
= ninH2

− nconH2
− noutH2

. Differentiating347

PH2 with respect to t, the first state equation is derived as:348

dPH2

dt
=
RT

VA

(
ninH2
− nconH2

− noutH2

)
(23)
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Similarly, the state equations for oxygen and water were derived for each gas349

component, expressed as:350

dPO2

dt
=
RT

VC

(
ninO2
− nconO2

− noutO2

)
(24)

dPH2OC

dt
=
RT

VC

(
ninH2OC

− nproH2OC
− noutH2OC

)
(25)

where VC is the cathode volume in m3, nconH2
= 2KrAci, n

con
O2

= KrAci, n
pro
H2Oc

=351

2KrAci, Kr =
N

4F
, and352

noutH2
=
PH2

PA
(F in

A − 2KrAci) (26)

noutO2
=
PO2

PC
(F in

C −KrAci) (27)

noutH2OC
=
PH2Oc

PC
(F in

C + 2KrAci) (28)

where Ac is the cell active area (cm2), PA = PH2 + PN2 , PC = PN2 + PO2 +353

PH2OC
, F in

A is the anode inlet flow rate, and F in
C is the cathode inlet flow354

rate. By replacing (26), (27) and (28) in (23), (24) and (25), the state-space355

model of the system was derived. By linearizing the system around an oper-356

ating point, the small-signal model of the system was derived, where ∆xFC =357

[∆PH2,∆PO2,∆PH2OC ]T , ∆uFC = [ ∆ninH2
,∆ninO2

,∆ninH2OC
,∆i ]T and vari-358

able with a “∆” representing the small-signal variations. The operating point359

of the system is presented in Table 1, and the state matrices of the system are360

represented in the following:361

Table 1: The operating point of the system [10, 23]

Parameter Value Unit
ninH2

0.005 moles.s−1

ninO2
0.0018 moles.s−1

ninH2OC
0.072 moles.s−1

ninH2OA
0.0029 moles.s−1

ninN2
0.0062 moles.s−1

T 338.15 K
Ac 136.7 cm2

VA 6.495 cm3

VC 12.96 cm3

i 0.073 A.cm−2

rf 30.762 µ.Ω.m2

N 1 number

The coefficient matrices of AFC , BFC , CFC , and DFC for the PEMFC were362
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obtained as:363

AFC = RT


−(F in

A − 2KrAci)
PH2OA

VAP 2
A

0 0

0 −(F in
C −KrAci)

PN2
+ PH2OC

VCP 2
C

−(F in
C −KrAci)

PO2

VCP 2
C

0 (F in
C + 2KrAci)

PH2OC

VCP 2
C

−(F in
C + 2KrAci)

PN2
+ PO2

VCP 2
C

364

BFC = RT



1

VA

(
1− F in

A PH2

ninH2
PA

)
0 0 −2KrAc

PH2OA

VAPA

0
1

VC

(
1− F in

C PO2

ninC PC

)
−2F in

C PO2

VCninC PC
−KrAc

PN2
+ PH2OC

VcPC

0
−2F in

C PH2OC

VCninC PC

1

VC

(
1− F in

C PH2OC

ninC PC

)
2KrAc

PN2 + PO2

VcPC


365

where ninC = (ninO2
+ ninH2OC

) and CFC and DFC matrices are defined as:366

CFC = N [
RT

2FPH2
,

RT

4FPO2
,
−RT

2FPH2OC
],367

DFC = N [0, 0, 0, −rf ]368

where rf = r +
a

i+ in
+

b

il − i− in
.369

370

3.5. Boost Converter Dynamics371

The input voltage of the fuel cell is stepped up by a boost converter to372

produce satisfactory DC-link voltage for the three-phase inverter of PEMFC. A373

PI control loop is used to regulate the DC-link voltage, which will be modeled in374

this section. The state-space model of the DC/DC boost converter is exhibited375

by the state-space averaging technique [37]. According to Figure 1, the boost376

converter dynamics can be developed as (29) and (30).377

difc
dt

=
1

Ldc
Vfc −

(1− d)

Ldc
Vdc (29)

dVdc
dt

=
(1− d)

Cdc
ifc −

1

Cdc
idc (30)

where Vfc and ifc are the input DC voltage and current from fuel cell stack,378

respectively, d is the duty cycle of the boost converter, and Vdc and idc are379

the output DC voltage and current of the boost converter, respectively. For380

simplicity, idc is shown in terms of DC-link voltage and state variables associated381

with the AC dynamics of the system, where Vdcidc = 3
2 (vpdiod + vpqioq) is used382

to eliminate idc from the small-signal model and represent it in terms of state383

variables [30]. The above equation is linearized around an operating point and384

rearranged to represent the the small-signal dynamics of idc.385

îdc =
3

2Vdc0

(
vpq0îoq + vpd0îod + iod0v̂pd + ioq0v̂qd

)
− idc0V̂dc (31)386
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The overall state space model of the boost converter is acquired if (31) is re-387

placed in boost converter dynamics ((29) and (30)). Referring to Figure 1,388

dynamics of the DC/DC converter controller can be written as (32).389

d = (kpi +
kii
s

)(V ∗
dc − Vdc) (32)

where kpi and kii are the proportional and integral gains of the boost converter’s390

PI controller.391

3.6. AC Filter Dynamics392

As laid out in Figure 1, the AC dynamics incorporate the dynamics of the393

LCL filter. The AC dynamics of the system is derived by applying Kirchhoff’s394

voltage and current laws (KVL and KCL) in the main AC loops and converting395

the equations to dq reference frame, shown in equations (33)-(35). Details of396

synchronous reference frame and converter control can be found in [30].397

d

dt

[
icd
icq

]
=

[
0 ω
−ω 0

] [
icd
icq

]
− 1

Lf

[
vpd
vpq

]
+
Vdc
2Lf

[
dd
dq

]
(33)

d

dt

[
iod
ioq

]
=

[
0 ω
−ω 0

] [
iod
ioq

]
+

1

Lg

[
vpd
vpq

]
− 1

Lg

[
vgd
vgq

]
(34)

d

dt

[
vpd
vpq

]
=

[
0 ω
−ω 0

] [
vpd
vpq

]
+

1

Cf

([
icd
icq

]
−
[
iod
ioq

])
(35)

where dd and dq are the duty cycles of the inverter in dq frame. The converter398

reference voltages in dq frame (v∗cd and v∗q ) can also be expressed in terms of399

duty cycles (v∗cd = 0.5Vdcdd and v∗q = 0.5Vdcdq). The small-signal model of400

the AC side is obtained by linearizing (33)-(35) around an operating point, the401

result is depicted in the state-space form in (36).402

˙xac = Aacxac +Bacuac (36)403

where

Xac = [̂icd, îcq, îod, îoq, v̂pd, v̂pq], uac = [d̂d, d̂q, v̂gd, v̂gq, V̂dc, ω̂]

and Aac and Bac were defined in the following:404

Aac =



0 ω0 0 0 − 1

Lf
0

−ω0 0 0 0 0 − 1

Lf

0 0 0 ω0
1

Lg
0

0 0 −ω0 0 0
1

Lg
1

Cf
0 − 1

Cf
0 0 −ω0

0
1

Cf
0 − 1

Cf
−ω0 0



(37)405
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Bac =



Vdc0
Lf

0 0 0
dd0
Lf

icq0

0
Vdc0
Lf

0 0
dq0
Lf

−icd0

0 0 − 1

Lg
0 0 iod0

0 0 0 − 1

Lg
0 −ioq0

0 0 0 0 0 vpd0
0 0 0 0 0 −vpq0


(38)406

3.7. Inverter Control Dynamics407

Figure 3 demonstrates the schematic of the fuel cell’s three-phase inverter408

control. As discussed in Section 2.3, the controller is comprised of two cascaded409

loops of current control and power control. The inner current loop controls the410

converter output current using two PI loops, whereas the outer loop exclusively411

regulates the output active and reactive powers of the fuel cell system sent to412

the grid. As was illustrated earlier in Figure 1, a phase-locked loop (PLL) is413

also included to synchronize the converter to the grid at the point of common414

coupling.415

3.7.1. Inner Current Controller Dynamics416

The inner current control uses PI controllers and feedforward loops to pro-417

vide the fuel cell’s reference dq frame voltages. Dynamics of the inner control418

are written as:419

v∗cd = (kpi +
kii
s

)︸ ︷︷ ︸
PI1(s)

(i∗cd − icd)− ωLf icq (39)

v∗cq = (kpi +
kii
s

)︸ ︷︷ ︸
PI1(s)

(i∗cq − icq) + ωLf icd (40)

where kpi, kii are the proportional and integral gains of the inner loop’s PI420

controllers and v∗cd, v
∗
cq are the reference voltages generated by the inner current421

control loop. In modern power electronics converters, the switching losses are422

negligible and therefore, the dynamics of the pulse width modulation (PWM)423

control can be ignored [30]. In this case, the converter tracks the reference424

voltages very fast and therefore, vcd ≈ v∗cd, vcq ≈ v∗cq.425

3.7.2. PLL Dynamics426

The PLL uses a PI controller to integrate the converter with the grid by427

controlling the q component of (vpq) to zero. Dynamics of the PLL can be428

derived as [38]:429
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ω̂ = −

(
kpllp +

kplli

s

)
v̂pq (41)

θ̂ =
1

s
ω̂ (42)

where kpllp , kplli are the PLL’s regulator gains.430

3.7.3. Outer Loops Dynamics431

The outer power loop generates reference currents for the inner current con-432

trol loop to regulate the active and reactive powers supplied to the grid. Dy-433

namics of the power controller is given by (43), (44).434

i∗cd = (kpp +
kip
s

)︸ ︷︷ ︸
PI2(s)

(P ∗ − P ) (43)

i∗cq = (kpq +
kiq
s

)︸ ︷︷ ︸
PI2(s)

(Q∗ −Q) (44)

where kpp, kip are the active power’s PI controller gains and kpq, kiq are the435

reactive power’s PI controller gains. Equations (39)-(23) are then linearized436

to develop the small-signal model of the three-phase inverter. The obtained437

active and reactive powers are also linearized around an operating point, where438

P = 3
2 (vpdiod + vpqioq) and Q = 3

2 (vpqiod − vpdioq).439

4. Stability Results440

Figure 1 illustrated the derived small-signal model of the proposed control441

framework and Figure 3 was implemented on different case studies in this section442

for stability analysis. The fuel cell parameters are adopted from [23]. In reality,443

the fuel-cell will act as a constant voltage source with slow dynamics and control444

parameters of the converters provide a much faster response. This can be ex-445

plained by the fact that the converters are operated at high frequency switching446

(normally, 100-500 kHz). This means the converters respond to changes in the447

system in a few microseconds, while the fuel cell responses are in a few seconds.448

Therefore, the control parameters can be designed and tuned individually. For449

this research, the individual control loop parameters were designed using sim-450

plified closed-loop dynamics. The readers are encouraged to refer to [30, 39, 40]451

for more information. Parameters of the boost converter and the inverter are452

shown in Table 2.453

4.1. Eigenvalue Results454

The state-space linearized model was extracted using the Simulink, at a given455

operating point. A detailed procedure for the initial conditions calculations were456

provided in [41]. MATLAB’s “LINMOD” function was applied on a developed457
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Table 2: Parameters of the system

Parameter Value Parameter Value Parameter Value
Vdc 250 V Vg 120 Vrms kpp 0.1
Lg 4 mH f 60 Hz kip 1
Ldc 1 µH Cdc 1 mF kpq 0.05
Lf 500 µH Cf 100 µF kiq 5

kip, kii 2.5, 0.3 kpllp 100 µF kpll
i 1800

simulink model to calculate the state-space linearized matrices A,B,C,D of the458

integrated system. The results were used for eigenvalue analysis. Eigenvalues459

of the system are shown in Table 2. As demonstrated in Table 3, the system

Table 3: Eigenvalues of the system

Eigenvalue Frequency, f (Hz) Damping, ζ (%)
λ1=−1.2e6 + j376.99 60 100
λ2=−1.2e6 − j376.99 -60 100
λ3=−1.2e3 + j9085.60 1446 64
λ4=−1.2e3 − j9085.60 -1446 64
λ5=−1.1e3 + j8354.76 1330 64
λ6=−1.1e3 − j8354.76 -1330 64
λ7=−292.1 + j1040.89 166 87
λ8=−292.1− j1040.89 -166 87

λ9=−205.88 0 100
λ10=−53.64 0 100
λ11=−1 0 100
λ12=−0.35 0 100
λ13=−0.12 0 100
λ14=−0.12 0 100
λ15=−0.077 0 100

460

resulted in 15 eigenvalues, all of which located at the left half-plane and thereby461

the integrated system is stable. The sensitivity analysis is conducted to inves-462

tigate the effect of PEMFC parameters on overall stability of the integrated463

system. It was observed that modifying the fuel cell stack parameters such as464

temperature, number of cells, and input pressure around an acceptable range,465

does not have a major impact on the stability of the system and eigenvalues466

of the system remain on the open left half plane (OLHP). However, by modi-467

fying the DC/DC or DC/AC converter parameters, the stability of the system468

is challenged. This is justified by the fact that dynamics of the fuel cell stack469

are very slow compared to fast dynamics of power electronics converters. In the470

following, a sensitivity analysis is conducted to analyze the effect of DC/DC or471

DC/AC converter parameter change on eigenvalues of the system.472
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4.2. Effect of Ldc473

The sensitivity of boost converter inductance (Ldc) on stability of the overall474

system was investigated. A gain K was multiplied by the inductance value. As475

the gain was increased from 1 to 30, for each of which the eigenvalues were plot-476

ted, the impact of the increasing boost converter inductance value on stability477

of the system was studied through eigenvalue analysis, illustrated in Figure 4.478

It was shown that as the inductance value was increased, λ7, λ8, and λ9 moved479

towards the origin, but the system remained stable.480
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Figure 4: Effect of increasing Ldc on stability of the system.

4.3. Effect of Cdc481

The DC-link capacitor value was multiplied by a gain (K), while the gain482

value varied from 1 to 100. Figure 5 demonstrated the eigenvalues plot for the483

sensitivity of an increasing DC-link on stability of the system. As the DC-link484

capacitor was increased by 100 times, λ7 and λ9 advanced to the right half-plane485

and consequently the system became unstable. This indicated that the system486

was very sensitive towards increasing the DC-link capacitor value.487
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Figure 5: Effect of DC-link capacitor on stability of the system.

4.4. Effect of Boost Converter Controller Gains488

The impact of increasing DC/DC converter controller gains on stability of489

the overall system was explored. The controller gains were multiplied by a gain490

(K) varying from 1 to 30. Figure 6 exhibited the stability analysis results.491

As the boost converter controller gains increased by 30 times, the eigenvalues492

moved to the right half-plane and the system became unstable.493
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Figure 6: Effect of boost converter controller gains on stability of the system.

4.5. Effect of PLL Gains494

The effect of increasing PLL gains from 1 to 30 on the stability of the system495

was studied. The results shown in Figure 7 indicated the significant role of the496

19



PLL on stability of a grid-connected fuel cell system. As the PLL gains were497

increased, λ5 and λ6 moved to the right half-plane and the system became498

unstable.499
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Figure 7: Effect of PLL gains on stability of the system.

5. Electrochemical Optimization of Fuel Cell Stack Case Studies500

The developed state-space model was used to optimize the operating param-501

eters of a PEMFC. To validate the state-space results, a detailed time-domain502

PEM fuel cell model was also simulated using Simscape Power System toolbox503

of MATLAB and detailed comparisons were carried out. The simulated model504

included a 100W PEMFC stack connected to a 1.68 Ω resistive load. The pa-505

rameters of the PEM cell were equal to the state-space model parameters listed506

in Table 1, unless were not tunable in the Simscape. Six case studies were507

carried out to analyze the performance of the system.508

5.1. Case Studies509

5.1.1. Voltage and power versus cell number510

The output voltage of the fuel cell versus (vs.) cell number was studied. Re-511

sults are illustrated in subplots (a) and (b) in Figure 8, where the left subplot512

shows the time-domain simulations and the right subplot depicts the analysis513

results. The output voltage decreased as the cell number increased. This was514

because of the voltage loss across each cell. However, as demonstrated in sub-515

plots (c) and (d) in Figure 8, the output power of the fuel cell increased as the516

cell number increased. Our results showed that the output power generated by517

a PEMFC with 20 cells was more than 20 times higher than that of a 1-cell518

PEMFC, while the voltage drop in the 20-cell stack was only 8.4% higher than519

the loss in a 1-cell stack, emulating equation 22. Due to this voltage drop, the520
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power acquired via simulation was not as high as that obtained from analysis.521

As shown in Figure 8, the state-space analysis results followed the same pattern522

as the simulation results.
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Figure 8: Results for the Voltage and power vs. cell number. Subplots (a) and (b): Output
voltage of the PEMFC vs. cell number. Both the simulation (left) and the analysis (right)
results showed a voltage drop as the cell number increased. Subplot (c) and (d): Output
power of the PEMFC vs. cell number. Both the simulation (left) and the analysis (right)
results showed an increase in power as the cell number increased.

523

5.1.2. Voltage as a function of fuel flow rate524

The effect of fuel flow rate on the output voltage of the PEMFC was eval-525

uated. Figure 9 demonstrated an exponential decay in both simulated and526

analysis results for dynamic behavior of the output voltage, dropping from 10527

down to about 9.8V in the first 5 seconds and remained steady after. The528

analysis results did not show any difference in the outlet voltage when the fuel529

flow rate was increased from 0.5 to 3.7 liter per minute (Lpm). The simulation530

results, however, showed slightly different voltage values as the lowest being531

9.756V at the lowest amount of fuel (0.5 Lpm) and the highest being 9.882V for532

the highest fuel flow rate of 3.7 Lpm. Such a small influence of hydrogen flow533

rate on voltage could be due to the high purity of hydrogen (99.99%) and thus534
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its abundance, much higher than the stoichiometric requirements, even at the535

lowest flow rate of 0.5 Lpm.536
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Figure 9: Output voltage (V) of the PEMFC vs. the inlet hydrogen flow rate (Lpm).

5.1.3. Voltage as a function of air flow rate537

In this case, the air flow rate was modified to evaluate the output voltage538

performance. The oxygen was supplied at the cathode in the form of air, which539

had the purity of 21% for oxygen. It was mentioned in Section 3.3 that as the540

reactant gas is extracted, the concentration of the oxygen in the cathode will541

slightly decrease which results in a (small) voltage reduction. As demonstrated542

by Figure 10, a similar pattern was observed for the dynamic behavior of the543

output voltage in both the simulation and analysis results. Voltage decreased544

exponentially in the first 5 seconds from 9.98 down to 9.97675V in the analysis545

and from 10.01 to 9.879V in the simulation models, and then entered a steady-546

state condition. The difference between the voltage level for the lowest (1Lpm)547

and the highest (20Lpm) air flow rates was 2.5mV and 2mV for analysis and548

simulation models, respectively. The highest voltage in both sets of results was549

obtained at the highest amount of air (i.e. oxygen) at the cathode, while the550

lowest voltage associated with to the lowest air flow rates.551

5.1.4. Voltage as a function of temperature552

This case investigated the effect of temperature on the output voltage of the553

PEMFC. Temperature was changed in the range of 25 to 65◦C, which is the554

typical operating range in various PEM fuel cell systems. Similar to the previ-555

ous cases, regardless of the temperature, the output voltage plummeted steeply556

in the first 5 seconds and then remained constant after. As exhibited in Figure557

11, the output voltage obtained from the simulation model of the PEMFC (the558

left subplot) decreased from 9.898 to 9.88V as T was ranged from 65◦C to 25559

◦C, respectively, whereas the difference in voltage values was not detectable in560

the state-space modeling (the right subplot) as temperature varied within the561

same range. The small impact of temperature on the output voltage could be562
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Figure 10: Output voltage (V) of the PEMFC vs. the inlet air flow rate (Lpm).

explained by the relationship between the gas densities and temperature. Ac-563

cording to the Charles’s Law [42], the density of gases (and thus their mole564

numbers over a fixed volume) is inversely proportional to temperature. This565

means that, in equations (23) to (25), as T increased,
nH2

VA
,
nO2

VC
,
nH2OC

VC
de-566

creased resulting in small time derivatives of
dPH2

dt
,
dPO2

dt
, and

dPH2OC

dt
, and567

consequently small changes in the output voltage.
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Figure 11: Output voltage (V) of the PEMFC vs. the temperature (in ◦C).

568

5.1.5. Voltage as a function of current569

This case study investigated the effect of varying current densities on the570

output voltage of the PEMFC, as depicted in Figure 12. The left subplot shows571

the time-domain simulation of output voltage vs. input current (current density572

times the cell’s active area), and the right subplot illustrates the output voltage573

vs. time for various output current values. Since the current is not an input574
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in time-domain simulations, the V-I curve of the PEM fuel cell in time-domain575

model was used that present the relationship between the voltage at different576

currents during steady-state operation. The vertical lines in the simulation plot577

point out voltage values correlated with the current values used for small-signal578

analysis, with matching colors. According to the equations 16 and 22, regardless579

of the amount of the current density, the output voltage of PEMFC will drop580

once the circuit is closed. This was verified in the analysis results in Figure 12,581

where for each current level, the output voltage dropped at the beginning until582

it reached a steady-state level. However, once the system reached steady-state,583

the output voltage in both sets of results was the highest when the current was584

at the highest level. In the analysis results, the output voltage was obtained585

as 9.888 and 9.979V corresponding to I = 10 and 50A, respectively. In the586

simulation results, voltage was measured as 9.99 and 10.05V for I = 10 and587

50A, respectively. Such 1.1% error between the simulation and analysis results588

stemmed from the fact that different initial parameters were used in two models589

as some initial parameters could not be changed in the time-domain simulations.590

Both the simulation and the analysis results agreed with the Ohm’s law, as for591

any electrical circuit (including fuel cells) voltage is directly proportional to the592

current for a constant resistance, and thus V increases as I increases: V = ZI,593

where V is the voltage phasor, I is the current phasor, and Z is the impedance594

of the load which is pure resistive (1.68Ω) in this case.
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Figure 12: Output voltage (V) of the PEMFC vs. the current (A).

595

5.1.6. Voltage as a function of relative humidity in the anode and the cathode596

As stated earlier, the water in the cathode is a more complex variable than597

that in the anode, which is why it was chosen as one of the state variables.598

However, the relative humidity in the anode is also important, which is why599

it was considered as an input variable to the state-space model. In this case600

study, the dynamic response of the output voltage under variable cathode/anode601

relative humidity levels was analyzed to identify the values at which the highest602

voltage was obtained. As seen in the left subplot of Figure 13, the highest603
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and the lowest voltage values were obtained at the cathode relative humidity604

of 99% and 10%, respectively. At 90% relative humidity in the cathode, the605

voltage loss was minimized and then completely disappeared as the relative606

humidity was increased up to 99%. In fact, at this humidity level, the voltage607

level increased with time, a case that was not observed with any of the other608

operating variables. In contrast, the anode relative humidity had a small effect609

on the voltage variations. As exhibited in the right subplot of Figure 13, voltage610

reached steady-state at a slower pace if relative humidity was below 40%. Once611

the steady-state was reached, the highest voltage was obtained at 10% anode612

relative humidity, whereas the lowest voltage happened at the highest anode613

relative humidity of 99%. This can be explained by the interference of the water614

molecules in the hydrogen oxidation half-reaction and slowing down the transfer615

of the released electrons out of the anode, and also the potential flooding that616

might have occurred at high water concentration [23].
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Figure 13: Output voltage of the PEMFC for various relative humidity levels in cathode (left)
and anode (right).

617

5.2. Discussions618

The electrochemical state-space model was validated using time-domain sim-619

ulations for various operating conditions. The results of the small-signal state-620

space modeling agreed with the simulation results. It should be noted that621

while the analysis results are obtained from linearized small-signal model, the622

simulation results were obtained from a time-domain model, which is nonlin-623

ear in general. Furthermore, the differences between the initial conditions in624

the small-signal model and simulated model resulted in slight differences in the625

outputs. However, as verified in all cases, the trends were similar for the two626

sets of plots obtained from simulation and analysis, affirming similar correlation627

between the studied models.628

The dynamic behaviour of the voltage followed a logarithmic decay and the629

output voltage changed as the operating conditions changed. A fuel cell with630
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more cells may demonstrate a larger voltage drop because the amount of volt-631

age losses were multiplied by the number of the cells, but the overall power was632

shown to be increased due to the higher current generated by the cells, com-633

bined. Higher hydrogen and oxygen flow rates generated higher output voltage634

values than those at the lower rates. However, because both the fuel and air635

flow rates were supplied beyond their stoichiometric requirements, the differ-636

ence in the voltage values of the highest and lowest flow rates was very small.637

Changing the temperature from 298.15 to 338.15K did not make a significant638

change in the output voltage, which could be explained by the simultaneous639

decrease occurred in the density of oxygen, hydrogen, and water. The current640

had two different effects on the voltage; one in the voltage losses and one in641

the overall generated voltage. The former caused the voltage plummeted im-642

mediately after the circuit was closed for the fuel cell to start the operation,643

while the latter was directly proportional to the current level and its propor-644

tional ‘ohmic relation’ with voltage, in presence of a constant impedance. Even645

after the current-associated losses are counted into account, a higher current646

still generated a higher level of voltage in the fuel cell.647

Finally, the effect of the cathode water content on voltage was substantial. The648

higher the water content in the cathode the higher the voltage. However, pro-649

viding such humidity level could be challenging. The humidity level could be650

increased by one of the following: lowering the rate of air flow which would651

reduce cathode performance, increasing the air and fuel pressure which would652

require energy to run the compressors, or condensing the water from the outlet653

gas and use it to humidify the inlet air to the cathode which would require654

extra equipment, weight, size and cost [23]. Thus, it is crucial to find an opti-655

mum point at which sufficient humidity is supplied for a reasonable performance656

which comes also at a justifiable cost and energy.657

6. Conclusions658

In this paper, a small-signal state-space model was developed for grid-connected659

PEM fuel cells including the dynamics of fuel cell stack, DC/DC converter,660

DC/AC converter, LCL filter, and control loops of the converters. The sta-661

bility analysis for this system indicated a high sensitivity towards changes in662

DC-link capacitor, boost converter inductance, boost converter controller gains,663

and PLL gains. Though increasing the DC-link capacitor or inductance values664

could, respectively, reduce the voltage and current harmonics in the output, it665

is crucial to be aware of the potential instability that such increase could cause666

in the overall fuel cell system.667

Among various operating parameters in a single PEMFC stack, humidity of the668

cathode appeared to be the most influential element on the output voltage of669

the fuel cell stack, demonstrating the highest voltage at 99% cathode humidity.670

When the inlet air flow rate was below 1 Lpm, the output voltage dropped.671

However, increasing inlet air flow at rates higher than 5 Lpm did not increase,672

nor did it decrease the output voltage of the PEMFC. Based on the acquired673
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results, this work proposes the following optimum conditions for a 100W poly-674

mer electrolyte membrane fuel cell: N = 20 cells, fuel flow rate = 2.0 Lpm, air675

flow rate = 11 Lpm, T = 50◦C, I = 50A, cathode relative humidity = 99%, and676

anode relative humidity = 40%. Due to the high cost and complexity incurred677

as a result of providing 99% humidity, it is recommended to use 60% cathode678

humidity, at which the output voltage would be only slightly lower ( 0.03V) but679

achievable with most fuel cell humidifiers available in the market. These results680

will be used in the next step of this study which will be focused on 1) devel-681

oping ”optimal” controller and PLL gains, 2) analyzing ”time-domain” of the682

proposed framework, and 3) ”experimental” validation of the developed model683

on a lab-scale microgrid.684
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