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Abstract

In this paper, a small-signal model of a single cell Polymer Electrolyte Membrane
Fuel Cell (PEMFC) was developed based on state-space approach to study the
effect of various operating conditions on the dynamic responses of the fuel cell.
Dynamics of hydrogen, oxygen, and water partial pressure were considered in
the modeling procedure. The transient responses of a single- and multiple cell
PEMFC were also investigated as the operating parameters of air flow rate, fuel
flow rate, temperature, anode/cathode relative humidity level, and electrical
current were varied. Next, the studied PEMFC was integrated to the main
grid using a boost DC/DC converter and a DC/AC converter. The stability
of the overall system was tested through eigenvalue analysis in MATLAB, and
several case studies were designed to examine the sensitivity of boost converter
parameters and phase-locked loop (PLL) on the stability of the overall system.
The analysis results were then validated on a 100 Watt simulated PEMFC in
MATLAB Simscape Power System toolbox, and a set of optimum operating
conditions were proposed.

Keywords: Small-signal analysis, State-space modeling, Phase-locked loop
(PLL), Time-domain simulations, Polymer Electrolyte Membrane Fuel Cell
(PEMFC).

1. Introduction

1.1. Problem Statement

The high energy efficiency and considerably low emission of fuel cells have
made them potential candidates for energy storage in the past few years [1].
It was in 1970s, after the successful exploitation of fuel cells in the space pro-
gram that a global interest in fuel cells initiated vast research efforts in this

*Corresponding author at School of Science Engineering and Technology, Penn State Har-
risburg, 777 W Harrisburg Pike, Middletown, PA 17057, Phone: (01)717-948-6111. E-mail:
fxmb53@psu.edu.
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topic. Various forms of fuel cells have been designed that are recognized based
on their electrolytes. Some of these include Proton Exchange / Polymer Elec-
trolyte Membrane Fuel Cells (PEMFC), Solid Oxide Fuel Cells (SOFC), Phos-
phoric Acid Fuel Cells (PAFC), Molten Carbonate Fuel Cells (MCFC), Alkaline
Fuel Cells (AFC), Direct Methanol Fuel Cells (DMFC), and Zinc Air Fuel Cells
(ZAFC) [2-5]. Although the notion of fuel cell was introduced more than half a
century ago and the chemical and physical concepts of it are established, some
of its operational difficulties have prevented fuel cells to completely replace con-
ventional batteries. Some of the main challenges include the need for sustainable
fuel (i.e. hydrogen in the case of PEMFCs) that is portable and can be safely
stored; slow transient response to load changes; and finally the cost. To address
the two latter, the control, the design, and the optimum operation of fuel cells
should be studied to understand the dynamic behaviour of them as a function of
voltage, power, current, and load change. Such is specifically crucial for the fuel
cell usage in power systems and electrical vehicles (the two main applications
of energy storage) [6, 7].

1.2. Literature Review

There has been a significant effort on modeling and analyzing fuel cells for
improved performance and reduced cost [8-18]. To study the effect of water
diffusivity, surface roughness, and water content driving force in PEMFCs, the
water mass balance and hydration of a PEM fuel cell were formulated by a
mathematical zero-dimensional model [8] . The performance of a PEMFC in
terms of the operating pressure and voltage was studied, and the efficiency and
exergy of the fuel cell was discussed as the voltage, pressure and cleaning pro-
cess varied in [12]. The effect of flooding on the performance of PEMFCs was
studied by developing one-dimensional steady-state model based on a capillary
pressure-saturation relationship in [13]. In a separate study, a one-dimensional
numerical model was developed to investigate the performance of a PEMFC
against operating conditions [14]. A high temperature operating PEMFC with
phosphoric acid-doped polybenzimidazole (PBI) membrane was modeled, for
which the simulation results showed variable durability of the system with the
current density and the membrane doping level. In another study, the perfor-
mance of a high temperature operating PEMFC under various working condi-
tions was investigated by developing a numerical method with AspenPlus™
code, a more complex and expensive software compared to MATLAB [15]. A
different study proposed a mathematical model able to capture the variations
of the gas composition in the anode channel in a dead-ended anode mode op-
erating PEMFC [18]. All the above mentioned references only considered the
steady-state operating modes of the PEM fuel cells and ignored the small-signal
dynamics.

The dynamic (transient) models investigate step changes in potential and
associated circumstances such as gas flow rates, water generation, and current
density. Therefore, in a single-cell fuel cell, the transient models reveal how
various load requirements are handled. Fuel cells have transient responses that
are much slower than the dynamic responses of the typical power conditioner and
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load to which they are attached. As such, the fuel cell’s inability to change its
electrical output (current) as quickly as the electrical load changes has significant
implications on the overall power system design. Therefore, to design a more
efficient fuel cell system, dynamic models are crucial to analyze the performance
of fuel cells in a wide range of operating point conditions. Small-signal modeling
and analysis is an appropriate dynamic modeling technique to asses the dynamic
stability of fuel cell systems for the most efficient response [19]. A few papers
studied the small-signal modeling of PEM fuel cells. A small-signal state-space
model was developed, and a dynamic model was simulated for a PEMFC in
[20], which ignored the fuel cell’s electrochemical reactions and AC dynamics.
One study developed a state- and transfer function model for a PEMFC coupled
with a DC/DC converter [21], yet again, it focused only on the electrical aspects
of the fuel cell and the chemical reactions and the operating parameters were
not considered.

Another study developed the state-space and thermodynamic models and
airflow control for a PEMFC, and used experimental results via LabView to
verify the analysis [22]. Nevertheless, the study concentrated mainly on the air
excess ratio responses and real-time control of the fuel cell system. In another
study, a three-phase converter was designed for PEMFCs in electrical vehicle
applications and a circuit model of the converter was developed to control the
output voltage [23]. However, the electrochemical or thermodynamic models of
the fuel cell and the effects of operating conditions on the output voltage were
not discussed. A state-space model of a PEMFC was developed to improve
the original state-space model developed by the Department of Energy (DoE)
[24]. Although the developed model showed some improvements in transient
responses compared to the original DoE model, the focus was on the model
validation and not on the small-signal analysis of PEM fuel cells operating in
various operating conditions. There exist some studies that discussed modeling
and analyzing the stability of PEM fuel cells in smart grids [25-28]. For example,
small-signal and large-signal models of the static and dynamic behavior of a
PEMFC were developed [26]. However, like in [24], grid integration of the fuel
cell was not included. A PEMFC with a boost DC/DC converter was modeled in
[28] and the converter control was designed to accomplish the highest efficiency.
However, no inverter was included in the study for grid connection. In a more
recent study, a fuzzy logic controller was used to test the integration of PEMFCs
to the grid [29]. But, it did not discuss the small-signal analysis of the system
nor the dynamics of the fuel cell. Overall, the current research in PEM fuel
cell stability analysis overlooked either the chemical dynamics (fuel cell stack
dynamics) or the electrical dynamics (dynamics of the boost converter and the
inverter).

Therefore, to the authors’ best of knowledge, the existing literature lacks a
comprehensive analysis of PEM fuel cells that not only considers the electro-
chemical and thermodynamic models of the fuel cell but also takes into account
the full grid-connected electrical dynamics of the system considering the per-
formance of the fuel cell under various operating conditions for the maximum
efficiency.
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1.8. Our Contributions

To address the above limitations in the available research on PEMFCs, this
work presents a detailed state-space small-signal model of the PEMFCs for opti-
mizing the performance under different operating conditions, as well as stability
analysis for grid-connected PEMFCs. The small-signal and the stability analy-
sis results are then validated using a detailed time-domain simulation model in
several scenarios. A summary of our contributions is highlighted as:

e A detailed mathematical analysis considering electrochemical and thermo-
dynamic models associated with the fuel cell stack was developed.

e State-space model of a PEM fuel cell stack was derived considering the
fuel cell dynamics, dynamics of the DC/DC boost converter, dynamics of
the three-phase inverter, AC dynamics, controller dynamics of the boost
converter, and phase-locked loop.

e Eigenvalue analysis was performed to examine the stability of the inte-
grated PEMFCs for grid connections.

e Sensitivity analysis was conducted to investigate potential instability prob-
lems associated with DC/DC converter design or inverter parameters.

e Dynamic behavior of the output voltage, also called “voltage” for brevity,
was studied as a function of the operating conditions such as number of
cells, airflow rate, fuel flow rate, temperature, and current.

e A detailed time-domain simulation model was used to validate and verify
the thermodynamic analysis results.

e Case studies were provided to demonstrate the effect of various working
parameters on the fuel cell’s performance.

e Recommendations were made to optimize the performance of the PEMFC.

1.4. Paper’s Qutline

The paper’s organization is provided in the following: Section 2 describes
the system and its small-signal state-space modeling, Section 3 discusses the fuel
cell dynamics including all the electrodynamics, electrochemical, and electrical
sectors of the PEMFCs, Section 4 discusses stability analysis results, Section
5 includes detailed simulation model and six case studies to verify the analy-
sis results using the time-domain simulations with a discussion subsection to
summarize these results, and Section 6 concludes the paper.
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Figure 1: A schematic of a grid-connected PEM fuel cell stack through a boost converter and
a three-phase inverter.

2. Small-Signal State-Space Modeling

2.1. System Description and Control

The structure of the studied system is shown in Figure 1. The fuel cell stack
provides a low-voltage DC output. In order to connect the fuel cell stack to
the grid, which operates in AC mode, an inverter is required to convert the
fuel cell’s generated DC power to usable AC power. The grid voltage (v,4(t)) is
represented as a three-phase balanced signal represented by [30]:

Vga(t) = VimsV/2 cos(wt)
vg(t) =  vgb(t) = VymsV/2 cos(wt — 27/3) (1)
Vge(t) = VyimsV/2 cos(wt + 27/3)

The inverter is a three-phase voltage source converter (VSC), which has a reg-
ulated DC voltage on the DC side and uses two transistors on each phase that
switch on/off at high frequency to generate an AC voltage in the output. The
process of switching transistors is done by pulse width modulation (PWM) tech-
nique.

2.2. Pulse Width Modulation (PWM)

Sinusoidal PWM (SPWM) is normally used in three-phase inverter applica-
tions, that uses a sinusoidal reference signal with amplitude V. and frequency
of f, = 60 Hz to regulate the output voltage of the converter. The sinusoidal
reference is compared with a high frequency triangular or a sawtooth waveform
to identify switching on each phase of the inverter. This method is represented
in Figure 2, where switch operation for upper and lower transistors in each phase
is represented by:

(2)

Verr > Vips Upper Switch is On
Verr < Vi Lower Switch is On
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In Figure 2, the top figure is the reference sinusoidal waveform, the second plot
is the sawtooth waveform at high frequency, and the last two figures are the
switching signals for the upper and lower switches in each phase. For switching

Reference
T
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Top switch
1 T T T T
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1 T T 1
0.8F
06F
04F
0.2
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0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016
Time [sec]

Figure 2: Representation of the SPWM concept for one phase of the inverter.

signals of the other two phases of the inverter, the control signals for phases b
and ¢ will be displaced by 120 degrees compared to phase a [31].

Since the output of the converter will be highly distorted (due to high switching
frequency of transistors), a passive filter composed of inductive, capacitive, and
resistive elements (also known as RLC filter), will be used to mitigate the un-
wanted harmonics in the output of the converter and generate a pure sinusoidal
waveform in the output [32].

2.3. Phase-Locked Loop (PLL), Current, and Power Controllers

On top of the PWM and filter, the inverter should regulate the amount of
active and reactive power that is sent to the grid using a closed-loop control.
This control mode is also called “grid-connected” mode of operation, where the
voltage and frequency is regulated by the grid and the converter only exchanges
power with the grid. The converter needs to synchronize itself to the grid, this
synchronization is done through a phase-locked loop (PLL) controller that mea-
sures the voltage at the point of common coupling (PCC) (point p in Figure
1). The grid-connected operation of the inverter is normally done by vector
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control in dq reference frame, also known as synchronous reference frame, where
proportional integral (PI) regulators can be used to regulate the converter’s
active and reactive powers. Therefore, the reference signals to be sent to the
PWM unit will be derived by transformation of reference voltages in dgq frame
(Vjy and V7 in Figure 1). The inner current control and active and reactive
power controllers will generate the reference voltages in dg frame, V; and V.
The structure of these two control loops is illustrated in Figure 3. The current

Power Control Current Control
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Figure 3: Inverter control in dq frame.

controller is in charge of regulating the converter current in case of faults or fail-
ures. When faults occur, high currents will flow into power system components,
which might damage the inverter. Therefore, the current controller protects the
converter against overcurrents. The input of the inner current controller is the
reference dq frame currents, which will be supplemented by the power controller.
The reference signals will be compared to the measured converter current in the
output, i.q and 4., (which are derived by converting i, to dg frame using abc
to dg conversion block in Figure 1). Decoupling terms are also added to have
independent control and active and reactive components of the current. The
power controller uses two PI controllers to regulate the error between the mea-
sured active/reactive power and the reference values. This controller is called
a “vector control”, which is widely used in power electronics applications. The
readers are encouraged to refer to [32] for more information on vector control
of inverters in smart grids.

2.4. DC/DC Boost Converter

For balanced operation, the output voltage of the inverter should have the
same magnitude as the grid voltage. For the inverter to generate Vs in the
output (V.(t)), the DC side voltage should at least be twice the root mean square
(RMS) voltage at the AC side [31]. Therefore, to have an output AC voltage
with magnitude of 120 V(AC) in the output of the converter, the DC side voltage
should be at least 250 V(DC). However, the PEM fuel cells cannot generate that
high DC voltage, therefore, another converter is required in between to boost
up the PEM fuel cell’s voltage to high voltages around 250 V(DC). A DC/DC
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boost converter is used to step up the fuel cell’s voltage to the level inverter
needs (250 V(DC)). Furthermore, this voltage should be regulated so that the
inverter generates an AC voltage with fixed magnitude in the output. The
voltage regulation is done by controlling the duty cycle of the DC/DC converter
switch using a feedback control loop through a proportional integral controller.
Details of closed-loop control of DC/DC converters can be found in [32].

2.5. Small-Signal Model of the System

The small-signal model of the overall system will be derived in the following
sections. In order to use the state-space modeling technique for the PEM fuel
cell, the state variables of the fuel cell need to be represented in first order
differential equations [33]. The linearized, small-signal model of the system can
then be expressed using equation (3).

Az = AAx + BAu (3)
Ay = CAz + DAu (4)

where A and B are system matrices representing the properties of the system
and are determined by the fuel cell structure and elements. Matrices C and D
are the output equation matrices that are determined by the particular choice of
output variables. In addition, the state variables of the system are represented
by the vector Az, the first order derivatives of the state variables are represented
by Az, the system input vector is Au, and Ay is the output of the system. In
the following, derivation of matrices A, B, C, and D for the components of the
grid-connected PEM fuel cell is elaborated.

3. PEMFC Dynamics

3.1. Electrochemical Reactions

In polymer electrolyte membrane fuel cells hydrogen is oxidized at the anode
and produces HT ions and free electrons:

Hy — 2H" + 2¢” (5)
At the cathode, these products will react with oxygen to form water and heat:
2HY +2¢” +0.505 — Hy0 (6)

The two equations of (5) and (6) can be combined as:
Hy 4+ 0.50, — H>0 (7)

To overcome the slow kinetics of these reactions, the membrane of PEMFCs is
coated with highly dispersed catalyst particles, such as platinum or nickel which
will reduce the activation energy level and thus expedite the reaction rate. The
membrane itself is a material, such as Nafion, made of Perfluorinated Sulfonic
Acid (PFSA) which is a synthetic polymer known as polyethylene. Nafion offers
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great advantages such as durability and hydrophobicity, which will draw the
water out of the cell and thus prevent it from flooding [23]. As illustrated in
Figure 1, at the anode, the hydrogen ions pass through the proton exchange
membrane, moving towards the cathode, while the electrons are transferred
out through a wire [34]. At the cathode, the arrived hydrogen ions react with
the supplied oxygen and combined with the electrons transported with wire to
produce water (Figure 1).

3.2. Voltage Dynamics

While the electrical power and energy output can be calculated from equa-
tions (8) and (9), the energy of the chemical inputs and outputs is obtained
from the “Gibbs free energy” (AG) and Nernst equation (Equations (10) to
(12)) [35].

p(t) = v(t)i(t) (8)
e(t) = /t p(r)dr (9)

where p(t) is the instantaneous output power, e(t) is the energy at anytime,
v(t) and i(t) are the time-domain voltage and current, respectively, and ¢ is the
time. Consider the reaction (9), then the free Gibbs energy of the total reaction
will be [34]:

AG = Gp,0 — Gg, — 0.5Go, (10)

where G0, Gm,, and Go, refer to the free Gibbs energy of water, hydrogen,
and oxygen, respectively. At the same time,

AG = —ZFECSU (].1)

where z is the number of electrons transferred in the redox reactions, F' is the
Faraday constant (9.64853399 x 10* coulombs per mole of electrons), and E.q
is the electrical energy of the cell.

On the other hand, according to the Nernst equation, electrical energy of the
cell can be calculated from the activity of the products and reactants as [36]:

RT cor X (05
Ecell = —xIn <HQOZ (12)
zF CH,0c
where R is the universal gas constant equal to 8.314 J/mole.K, T is the temper-
ature in K, and cg,0c¢, cH,, and co, are the concentrations of water vapour in
the cathode, hydrogen, and oxygen gas, respectively. According to the ideal gas
law, the concentration of a gas component is equivalent to its partial pressure
[34]. Therefore,
RT PH, x POY?
Ecell =7 X 2 (13)
zF PH,O,
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where PH>O., PH>, and PO, are the partial pressures of water vapour in
cathode, hydrogen, and oxygen gas respectively. The cell voltage equation after
the circuit is closed will be:

Veel = E°+ Eceyp — L (14)

where E° is the open circuit voltage of the cell and L is the voltage losses.
Replacing E.¢; from equation (9) will result in:

RT PHy x POYS
View = E° + 28 g (2222020 _
i TR n( PH,0,

7 (15)

The output voltage for a fuel cell stack containing N cells will be V.t = NVeey:

0.5
RT (PHQXPOQ )_L) 16)

Vout = N(E° + —
out = N(E” + 5 xIn  —55
where V,,; is the output voltage of the fuel cell stack and N is the number
of cells in each stack.

3.8. Voltage Losses; Fuel Cell Irreversibilities

The concomitant voltage losses can be summarized as follows:

1. Activation losses, occurring at the surface of the electrodes and represent-
ing the slowness of the reactions. These losses can be calculated from the
“Tofel equation” as [23]:

i

AVvact =axX log( ) (17)

12

where @ is a constant, i is the current density (A.cm~2) and i, is the
“exchange-current density”.

2. Internal currents and fuel crossover, caused by passing a small amount of
electrons through the electrolyte from the anode to the cathode, instead
of being collected at the anode for electricity production. This loss can be
calculated from [23]:

AVior = —A x In(2H") (18)

29
_RT

T 2aF

where i, is the internal current density and « is the chargetransfer co-
efficient and is equal to the ratio of the electrical energy applied that is
captured in changing the rate of an electrochemical reaction.

10
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3. Ohmic (or resistive) losses, measuring the resistance to the flow of ions
through the electrolyte and are directly proportional to the current den-
sity. The ohmic losses can be calculated from the Ohm’s law [23]:

AV =ir (19)

where 7 is the output resistance in kQ cm? and AV is voltage gain in
volts.

4. Concentration or masstransport losses, stemmed from the concentration
variations of the reactants at the surface of the electrodes as the fuel is
being consumed. These losses are expressed in terms of a voltage gain and
calculated as:

RT i

or simplified as
AV = —bxIn(l - 1) (21)
i

where b is a constant and ¢; is the limiting current density related to
concentration losses.

Combining all four categories of fuel-cell irreversibilities (or losses), L will be
defined as:
L:(i+io)r+a><1n(“;72n)—bxln(1—ZJ;ZO) (22)
o l

Replacing L in equation (16) with equation (22), the output voltage of fuel cell
considering its losses can be obtained.

3.4. PEMFC Small-signal Model

A key concern in the PEMFCs is the hydration and water movement. While
ample water is essential in the electrolyte to keep the proton activity at a high
level, the content of the water must be carefully managed to prevent flooding in
either of the catalyst layers. Therefore, three state variables of the system would
be the flow rates of inlet hydrogen and oxygen, as well as the inlet water vapor
flow rate to the cathode. The number of gas molecules in the cell was obtained
from the ideal gas law, PV = nRT, where P is the partial pressure of the gas
(Pa), V is the volume of the anode or the cathode, and n is the number of gas
molecules present in the cell, which is equal to the gas molecules in the inflow
minus the produced/consumed flow and outflow [23]. For instance, for inlet
hydrogen gas, the ideal gas law will be written as PHy. V4 = ng, R T, where
Va is the anode volume in m?, and ny, = nif, — n§g" — ng't. Differentiating
PH, with respect to ¢, the first state equation is derived as:

dPH, RT , ,
praa A (n}}z —ng - n‘}{“;) (23)

11
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Similarly, the state equations for oxygen and water were derived for each gas
component, expressed as:

dP02 RT n con ou
= = V—C (no2 —ng, — nO;) (24)
dPHQOC RT in out
dt = Vic' (anOc - nz‘:oc - anOc) (25)

: : 3 con __ . con __ ; pro _
where V( is the cathode volume in m?, ng = 2K, A, ng, = K, A, "H,0. =

N
2K, A, K, = —, and

AF
ngt = %(Fj‘” — 2K, Ai) (26)

ngt = 1; C; (FE' — K, Ag) (27)

ifloe = TH20(FE + 2K, Al (25)

where A. is the cell active area (em?), P4 = Py, + Py,, Pc = Pn, + Po, +
Pu,0., Fi" is the anode inlet flow rate, and F' is the cathode inlet flow
rate. By replacing (26), (27) and (28) in (23), (24) and (25), the state-space
model of the system was derived. By linearizing the system around an oper-
ating point, the small-signal model of the system was derived, where Azpc =
[APHy, APOo, APH0c)T, Aupc = | An?}lQ,AniO”?7An§fI’QOC7Ai 17 and vari-
able with a “A” representing the small-signal variations. The operating point
of the system is presented in Table 1, and the state matrices of the system are
represented in the following:

Table 1: The operating point of the system [10, 23]

Parameter Value Unit
ny, 0.005 moles.s~!
ng, 0.0018 moles.s™*

n%ﬁzoc 0.072 moles.s™!

nf,o0,  0.0029 moles.s™!

5NA 0.0062 moles.s™*
T 338.15 K
A, 136.7 cm?

Va 6.495 emB
Ve 12.96 emB

) 0.073  A.em™2
Tf 30.762  p.Q.m?
N 1 number

The coefficient matrices of Arc, Brco, Crco, and Dpe for the PEMFC were
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obtained as:

[ in - PH2OA 7
(FYy 2K, Ai) VAPE‘ 0 0
7 . PNZ + PHz()C e . P()z
Apc = RT 0 —(FCL — KrAcz)ivcpg —(Fél — K, Ac) VcP(Qj
. ~ P00 . .+ Pn, + Po
0 F'+ 2K, Agi 220 —(F + 2K, Api) —2—522
i (" 2K, A0) 7 ps (Fe + 2R A=y e |
i 1_ FXLPH2 0 0 9K.A Pr,0.4
VA 7L}_71L2 PA e VAPA
Brc = RT 0 L (y_EcPo, —2F&Fo, _k, 4, v+ Prsoc
& Ve ni P Ven® Po e VePc
0 _2FgLPH2Oc i 1- ngPH2Oc 2K.A Py, + Po,
L Vend Po Ve ng Po " VP

where n’(}‘ = (niO”2 + nZ‘2OC) and Crc and Dpc matrices are defined as:

RT RT —RT ]
2FPH,’ AFPO,’ 2FPH>0¢c"’
DFC:N[Oa Oa 03 7Tf]

a b
+

Crc = N|

where 7y = 7 +

3.5. Boost Converter Dynamics

The input voltage of the fuel cell is stepped up by a boost converter to
produce satisfactory DC-link voltage for the three-phase inverter of PEMFC. A
PI control loop is used to regulate the DC-link voltage, which will be modeled in
this section. The state-space model of the DC/DC boost converter is exhibited
by the state-space averaging technique [37]. According to Figure 1, the boost
converter dynamics can be developed as (29) and (30).

dige 1 (1—d)
- R v 2
TR A (29)
dVae _ (1—4d), 1.
O T ot (30)

where V. and if. are the input DC voltage and current from fuel cell stack,
respectively, d is the duty cycle of the boost converter, and Vy. and iy4. are
the output DC voltage and current of the boost converter, respectively. For
simplicity, 74. is shown in terms of DC-link voltage and state variables associated
with the AC dynamics of the system, where Vy ig. = %(vpdiod + VUpgloq) is used
to eliminate i4. from the small-signal model and represent it in terms of state
variables [30]. The above equation is linearized around an operating point and
rearranged to represent the the small-signal dynamics of 4.

2 3 A A . ~ . ~ . ~
lde = T (quOZoq + Updolod + 10d0Upd + Zququ) - chOVdc (31)
dcO
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The overall state space model of the boost converter is acquired if (31) is re-
placed in boost converter dynamics ((29) and (30)). Referring to Figure 1,
dynamics of the DC/DC converter controller can be written as (32).

kii

d= (i + “2) (V. = Vi) (32

where k,; and k;; are the proportional and integral gains of the boost converter’s
PI controller.

8.6. AC Filter Dynamics

As laid out in Figure 1, the AC dynamics incorporate the dynamics of the
LCL filter. The AC dynamics of the system is derived by applying Kirchhoff’s
voltage and current laws (KVL and KCL) in the main AC loops and converting
the equations to dgq reference frame, shown in equations (33)-(35). Details of
synchronous reference frame and converter control can be found in [30].

d _icd _ 0 w| |icd 1 Upd Ve dgq
dt _icJ B [—w 0] [icq} Ly [”pq - 2Ly |dq (33)
d _iod 0 w iod 1 Upd 1 Vgd

. = . — - — 4
dt _Zoq] {—w 0] [ZOJ * Ly [qu Ly [vgq (34)
d -'Upd 0 w Upd 1 icd iod
— = — . — 1. 35
dt _vp(j [—w 0] [qu t Cy leg tog ( )

where dg and d, are the duty cycles of the inverter in dg frame. The converter

*

reference voltages in dg frame (v}, and v;) can also be expressed in terms of
duty cycles (v}, = 0.5Vgedq and v; = 0.5Vj.d,). The small-signal model of
the AC side is obtained by linearizing (33)-(35) around an operating point, the
result is depicted in the state-space form in (36).

x;zc = Aacxac + Bacuac (36)
where
Xac = [Z’cdy Z'cq7 Z'oala ioqu @pd7 ﬁpq]a Uac = [dda dqa ﬁgd7 ’lA}gqv Vdm ‘:}]

and A, and B,. were defined in the following:

) _
0 w2 0 0 —— 0
Ly !
—wo 0 0 0 0 ——
Ly
1
0 0 0 wo T 0
Aae = 0 0 0 Og L (37
wo Lg
L 0 L 0 0
— —— —w
Cy Cy 0
1 1
0o — 0 —— - 0
L Cy o |
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v, p o
40 o 0 0 =L i
Ly Ly
Vio o0 o _;
Lf Lf cd0
. .
Bac = 0 0 T 0 0 Z'odO (38)
L, !
0 0 0 I 0 —iog
0 0 0 0 0 Updo
L0 0 0 0 0 —Upgo.

3.7. Inverter Control Dynamics

Figure 3 demonstrates the schematic of the fuel cell’s three-phase inverter
control. As discussed in Section 2.3, the controller is comprised of two cascaded
loops of current control and power control. The inner current loop controls the
converter output current using two PI loops, whereas the outer loop exclusively
regulates the output active and reactive powers of the fuel cell system sent to
the grid. As was illustrated earlier in Figure 1, a phase-locked loop (PLL) is
also included to synchronize the converter to the grid at the point of common
coupling.

3.7.1. Inner Current Controller Dynamics

The inner current control uses PI controllers and feedforward loops to pro-
vide the fuel cell’s reference dg frame voltages. Dynamics of the inner control
are written as:

Vi = (ki + =5)(i%a — ica) — wLygicq (39)
N—_————
PIl (S)
ch = (kjm + ?)(Zcq - Zcq) + WLflCd (40)
N————
PIl (S)

where ky;, k;; are the proportional and integral gains of the inner loop’s PI
controllers and v}, v, are the reference voltages generated by the inner current
control loop. In modern power electronics converters, the switching losses are
negligible and therefore, the dynamics of the pulse width modulation (PWM)
control can be ignored [30]. In this case, the converter tracks the reference
voltages very fast and therefore, veq ~ vy, Veg = v,
3.7.2. PLL Dynamics

The PLL uses a PI controller to integrate the converter with the grid by
controlling the ¢ component of (vp,) to zero. Dynamics of the PLL can be
derived as [38]:
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O=- <kp” + kp) ) (41)
- D S rq

0==0 (42)
where kg”, kY " are the PLL’s regulator gains.

3.7.8. Outer Loops Dynamics
The outer power loop generates reference currents for the inner current con-
trol loop to regulate the active and reactive powers supplied to the grid. Dy-
namics of the power controller is given by (43), (44).
S kip *
iz = (kpp + ~2)(P* — P) (13)

———
PIQ(S)

k; "
iZq = (kpq + ?q)(Q - Q) (44)
N————
PIQ(S)

where kpp, ki, are the active power’s PI controller gains and k,q, kig are the
reactive power’s PI controller gains. Equations (39)-(23) are then linearized
to develop the small-signal model of the three-phase inverter. The obtained
active and reactive powers are also linearized around an operating point, where

P= % (Updiod + Vpglog) and Q = % (Vpglod — Vpdiog)-

4. Stability Results

Figure 1 illustrated the derived small-signal model of the proposed control
framework and Figure 3 was implemented on different case studies in this section
for stability analysis. The fuel cell parameters are adopted from [23]. In reality,
the fuel-cell will act as a constant voltage source with slow dynamics and control
parameters of the converters provide a much faster response. This can be ex-
plained by the fact that the converters are operated at high frequency switching
(normally, 100-500 kHz). This means the converters respond to changes in the
system in a few microseconds, while the fuel cell responses are in a few seconds.
Therefore, the control parameters can be designed and tuned individually. For
this research, the individual control loop parameters were designed using sim-
plified closed-loop dynamics. The readers are encouraged to refer to [30, 39, 40)
for more information. Parameters of the boost converter and the inverter are
shown in Table 2.

4.1. Eigenvalue Results

The state-space linearized model was extracted using the Simulink, at a given
operating point. A detailed procedure for the initial conditions calculations were
provided in [41]. MATLAB’s “LINMOD” function was applied on a developed
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Table 2: Parameters of the system
Parameter Value Parameter Value Parameter Value

Ve 250 V v, 120 Vims ~ Kpp 0.1
L, 4mH f 60 Hz Kip 1
Lae 1 uH Cae 1 mF Kpg 0.05
Ly 500puH O 100 pF kiq 5

Kip, ki 25,03 kB! 100 pF kP! 1800

simulink model to calculate the state-space linearized matrices A, B, C, D of the
integrated system. The results were used for eigenvalue analysis. Eigenvalues
of the system are shown in Table 2. As demonstrated in Table 3, the system

Table 3: Eigenvalues of the system

Eigenvalue Frequency, f (Hz) Damping, ¢ (%)
A\ =—1.2¢% + j376.99 60 100
Ao=—1.2¢% — j376.99 -60 100
A3=—1.2¢3 + j9085.60 1446 64
A=—1.2¢% — j9085.60 -1446 64
As=—1.1e> + j8354.76 1330 64
Ne=—1.1e> — j8354.76 -1330 64
A\7=—292.1 4 j1040.89 166 87
Ag=—292.1 — j1040.89 -166 87
Ag=—205.88 0 100
Ao=—53.64 0 100
Ai=—1 0 100
A12=-0.35 0 100
A3=—0.12 0 100
Aa=—0.12 0 100
A\5=—0.077 0 100

460
461

462

463

464

465

466

467

468

469

470

471

472

resulted in 15 eigenvalues, all of which located at the left half-plane and thereby
the integrated system is stable. The sensitivity analysis is conducted to inves-
tigate the effect of PEMFC parameters on overall stability of the integrated
system. It was observed that modifying the fuel cell stack parameters such as
temperature, number of cells, and input pressure around an acceptable range,
does not have a major impact on the stability of the system and eigenvalues
of the system remain on the open left half plane (OLHP). However, by modi-
fying the DC/DC or DC/AC converter parameters, the stability of the system
is challenged. This is justified by the fact that dynamics of the fuel cell stack
are very slow compared to fast dynamics of power electronics converters. In the
following, a sensitivity analysis is conducted to analyze the effect of DC/DC or

DC/AC converter parameter change on eigenvalues of the system.
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4.2. Effect of Lg.

The sensitivity of boost converter inductance (Lg.) on stability of the overall
system was investigated. A gain K was multiplied by the inductance value. As
the gain was increased from 1 to 30, for each of which the eigenvalues were plot-
ted, the impact of the increasing boost converter inductance value on stability
of the system was studied through eigenvalue analysis, illustrated in Figure 4.
It was shown that as the inductance value was increased, A7, Ag, and A\g moved
towards the origin, but the system remained stable.

1000 \ 1
500 g
_—

>

g
§, 0| S0 * ¥

£
-500 } ]
-1000 / 1
-800 -600 -400 -200 0
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Figure 4: Effect of increasing L4. on stability of the system.

4.3. Effect of Cy.

The DC-link capacitor value was multiplied by a gain (K), while the gain
value varied from 1 to 100. Figure 5 demonstrated the eigenvalues plot for the
sensitivity of an increasing DC-link on stability of the system. As the DC-link
capacitor was increased by 100 times, A7 and \g advanced to the right half-plane
and consequently the system became unstable. This indicated that the system
was very sensitive towards increasing the DC-link capacitor value.
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Figure 5: Effect of DC-link capacitor on stability of the system.

4.4. Effect of Boost Converter Controller Gains

The impact of increasing DC/DC converter controller gains on stability of
the overall system was explored. The controller gains were multiplied by a gain
(K) varying from 1 to 30. Figure 6 exhibited the stability analysis results.
As the boost converter controller gains increased by 30 times, the eigenvalues
moved to the right half-plane and the system became unstable.
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>
g
£ 0 ok
g
E
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-1.5 | Boost Converter
Controller Gains

-1000 -500 0 500
Real

Figure 6: Effect of boost converter controller gains on stability of the system.

4.5. Effect of PLL Gains

The effect of increasing PLL gains from 1 to 30 on the stability of the system
was studied. The results shown in Figure 7 indicated the significant role of the
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PLL on stability of a grid-connected fuel cell system. As the PLL gains were
increased, A5 and A\¢ moved to the right half-plane and the system became
unstable.

. . . & .
awo N
6000 | :
4000 Increasing

PLL Gains

>, 2000 |

%g _—> *

5 3 L

g "

£

— -2000
4000 |
-6000

-8000 ‘//- 1

-8000 -6000 -4000 -2000 O 2000
Real

Figure 7: Effect of PLL gains on stability of the system.

5. Electrochemical Optimization of Fuel Cell Stack Case Studies

The developed state-space model was used to optimize the operating param-
eters of a PEMFC. To validate the state-space results, a detailed time-domain
PEM fuel cell model was also simulated using Simscape Power System toolbox
of MATLAB and detailed comparisons were carried out. The simulated model
included a 100W PEMFC stack connected to a 1.68 € resistive load. The pa-
rameters of the PEM cell were equal to the state-space model parameters listed
in Table 1, unless were not tunable in the Simscape. Six case studies were
carried out to analyze the performance of the system.

5.1. Case Studies

5.1.1. Voltage and power versus cell number

The output voltage of the fuel cell versus (vs.) cell number was studied. Re-
sults are illustrated in subplots (a) and (b) in Figure 8, where the left subplot
shows the time-domain simulations and the right subplot depicts the analysis
results. The output voltage decreased as the cell number increased. This was
because of the voltage loss across each cell. However, as demonstrated in sub-
plots (c¢) and (d) in Figure 8, the output power of the fuel cell increased as the
cell number increased. Our results showed that the output power generated by
a PEMFC with 20 cells was more than 20 times higher than that of a 1-cell
PEMFC, while the voltage drop in the 20-cell stack was only 8.4% higher than
the loss in a 1-cell stack, emulating equation 22. Due to this voltage drop, the
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power acquired via simulation was not as high as that obtained from analysis.
As shown in Figure 8, the state-space analysis results followed the same pattern
as the simulation results.

Voltage (V)

1500

500

15 20 0 5 15 20

10
Time ()

Tima 6]
(© (d)

Figure 8: Results for the Voltage and power vs. cell number. Subplots (a) and (b): Output
voltage of the PEMFC vs. cell number. Both the simulation (left) and the analysis (right)
results showed a voltage drop as the cell number increased. Subplot (c¢) and (d): Output
power of the PEMFC vs. cell number. Both the simulation (left) and the analysis (right)
results showed an increase in power as the cell number increased.

5.1.2. Voltage as a function of fuel flow rate

The effect of fuel flow rate on the output voltage of the PEMFC was eval-
uated. Figure 9 demonstrated an exponential decay in both simulated and
analysis results for dynamic behavior of the output voltage, dropping from 10
down to about 9.8V in the first 5 seconds and remained steady after. The
analysis results did not show any difference in the outlet voltage when the fuel
flow rate was increased from 0.5 to 3.7 liter per minute (Lpm). The simulation
results, however, showed slightly different voltage values as the lowest being
9.756V at the lowest amount of fuel (0.5 Lpm) and the highest being 9.882V for
the highest fuel flow rate of 3.7 Lpm. Such a small influence of hydrogen flow
rate on voltage could be due to the high purity of hydrogen (99.99%) and thus
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its abundance, much higher than the stoichiometric requirements, even at the
lowest flow rate of 0.5 Lpm.

- : 9.08%
10%

9.9795

9.979

9.9785

9.978

0 5 10 15 20 0 5 10 15 20
Time(s) Time(s)

Figure 9: Output voltage (V) of the PEMFC vs. the inlet hydrogen flow rate (Lpm).

5.1.3. Voltage as a function of air flow rate

In this case, the air flow rate was modified to evaluate the output voltage
performance. The oxygen was supplied at the cathode in the form of air, which
had the purity of 21% for oxygen. It was mentioned in Section 3.3 that as the
reactant gas is extracted, the concentration of the oxygen in the cathode will
slightly decrease which results in a (small) voltage reduction. As demonstrated
by Figure 10, a similar pattern was observed for the dynamic behavior of the
output voltage in both the simulation and analysis results. Voltage decreased
exponentially in the first 5 seconds from 9.98 down to 9.97675V in the analysis
and from 10.01 to 9.879V in the simulation models, and then entered a steady-
state condition. The difference between the voltage level for the lowest (1Lpm)
and the highest (20Lpm) air flow rates was 2.5mV and 2mV for analysis and
simulation models, respectively. The highest voltage in both sets of results was
obtained at the highest amount of air (i.e. oxygen) at the cathode, while the
lowest voltage associated with to the lowest air flow rates.

5.1.4. Voltage as a function of temperature

This case investigated the effect of temperature on the output voltage of the
PEMFC. Temperature was changed in the range of 25 to 65°C, which is the
typical operating range in various PEM fuel cell systems. Similar to the previ-
ous cases, regardless of the temperature, the output voltage plummeted steeply
in the first 5 seconds and then remained constant after. As exhibited in Figure
11, the output voltage obtained from the simulation model of the PEMFC (the
left subplot) decreased from 9.898 to 9.88V as T' was ranged from 65°C to 25
°C, respectively, whereas the difference in voltage values was not detectable in
the state-space modeling (the right subplot) as temperature varied within the
same range. The small impact of temperature on the output voltage could be
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Figure 10: Output voltage (V) of the PEMFC vs. the inlet air flow rate (Lpm).

explained by the relationship between the gas densities and temperature. Ac-
cording to the Charles’s Law [42], the density of gases (and thus their mole

numbers over a fixed volume) is inversely proportional to temperature. This
nHz nOQ nHzOc

means that, in equations (23) to (25), as T increased, , , de-
dPH>; dPO 4 V%PH%C
creased resulting in small time derivatives of I 2 S 2, and di C, and
consequently small changes in the output voltage.
10.02
Simulation —%— T=65 9.98 -_Analysis
107 |_| —F—T=25
9.9795
g 9.979
(0]
g
B 9.9785
>
9.978
9.9775
0 5 10 15 20 0 5 10 15 20
Time () Time (s)

Figure 11: Output voltage (V) of the PEMFC vs. the temperature (in °C).

5.1.5. Voltage as a function of current

This case study investigated the effect of varying current densities on the
output voltage of the PEMFC, as depicted in Figure 12. The left subplot shows
the time-domain simulation of output voltage vs. input current (current density
times the cell’s active area), and the right subplot illustrates the output voltage
vs. time for various output current values. Since the current is not an input
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in time-domain simulations, the V-I curve of the PEM fuel cell in time-domain
model was used that present the relationship between the voltage at different
currents during steady-state operation. The vertical lines in the simulation plot
point out voltage values correlated with the current values used for small-signal
analysis, with matching colors. According to the equations 16 and 22, regardless
of the amount of the current density, the output voltage of PEMFC will drop
once the circuit is closed. This was verified in the analysis results in Figure 12,
where for each current level, the output voltage dropped at the beginning until
it reached a steady-state level. However, once the system reached steady-state,
the output voltage in both sets of results was the highest when the current was
at the highest level. In the analysis results, the output voltage was obtained
as 9.888 and 9.979V corresponding to I = 10 and 50A, respectively. In the
simulation results, voltage was measured as 9.99 and 10.05V for I = 10 and
50A, respectively. Such 1.1% error between the simulation and analysis results
stemmed from the fact that different initial parameters were used in two models
as some initial parameters could not be changed in the time-domain simulations.
Both the simulation and the analysis results agreed with the Ohm’s law, as for
any electrical circuit (including fuel cells) voltage is directly proportional to the
current for a constant resistance, and thus V increases as I increases: V = Z1,
where V is the voltage phasor, I is the current phasor, and Z is the impedance
of the load which is pure resistive (1.682) in this case.

10.1
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Figure 12: Output voltage (V) of the PEMFC vs. the current (A).

5.1.6. Voltage as a function of relative humidity in the anode and the cathode
As stated earlier, the water in the cathode is a more complex variable than
that in the anode, which is why it was chosen as one of the state variables.
However, the relative humidity in the anode is also important, which is why
it was considered as an input variable to the state-space model. In this case
study, the dynamic response of the output voltage under variable cathode/anode
relative humidity levels was analyzed to identify the values at which the highest
voltage was obtained. As seen in the left subplot of Figure 13, the highest

24



604

605

606

607

608

609

610

611

612

613

614

615

616

617

618

619

620

621

622

623

624

625

626

627

628

629

630

and the lowest voltage values were obtained at the cathode relative humidity
of 99% and 10%, respectively. At 90% relative humidity in the cathode, the
voltage loss was minimized and then completely disappeared as the relative
humidity was increased up to 99%. In fact, at this humidity level, the voltage
level increased with time, a case that was not observed with any of the other
operating variables. In contrast, the anode relative humidity had a small effect
on the voltage variations. As exhibited in the right subplot of Figure 13, voltage
reached steady-state at a slower pace if relative humidity was below 40%. Once
the steady-state was reached, the highest voltage was obtained at 10% anode
relative humidity, whereas the lowest voltage happened at the highest anode
relative humidity of 99%. This can be explained by the interference of the water
molecules in the hydrogen oxidation half-reaction and slowing down the transfer
of the released electrons out of the anode, and also the potential flooding that
might have occurred at high water concentration [23].
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Figure 13: Output voltage of the PEMFC for various relative humidity levels in cathode (left)
and anode (right).

5.2. Discussions

The electrochemical state-space model was validated using time-domain sim-
ulations for various operating conditions. The results of the small-signal state-
space modeling agreed with the simulation results. It should be noted that
while the analysis results are obtained from linearized small-signal model, the
simulation results were obtained from a time-domain model, which is nonlin-
ear in general. Furthermore, the differences between the initial conditions in
the small-signal model and simulated model resulted in slight differences in the
outputs. However, as verified in all cases, the trends were similar for the two
sets of plots obtained from simulation and analysis, affirming similar correlation
between the studied models.

The dynamic behaviour of the voltage followed a logarithmic decay and the
output voltage changed as the operating conditions changed. A fuel cell with
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more cells may demonstrate a larger voltage drop because the amount of volt-
age losses were multiplied by the number of the cells, but the overall power was
shown to be increased due to the higher current generated by the cells, com-
bined. Higher hydrogen and oxygen flow rates generated higher output voltage
values than those at the lower rates. However, because both the fuel and air
flow rates were supplied beyond their stoichiometric requirements, the differ-
ence in the voltage values of the highest and lowest flow rates was very small.
Changing the temperature from 298.15 to 338.15K did not make a significant
change in the output voltage, which could be explained by the simultaneous
decrease occurred in the density of oxygen, hydrogen, and water. The current
had two different effects on the voltage; one in the voltage losses and one in
the overall generated voltage. The former caused the voltage plummeted im-
mediately after the circuit was closed for the fuel cell to start the operation,
while the latter was directly proportional to the current level and its propor-
tional ‘ohmic relation’ with voltage, in presence of a constant impedance. Even
after the current-associated losses are counted into account, a higher current
still generated a higher level of voltage in the fuel cell.

Finally, the effect of the cathode water content on voltage was substantial. The
higher the water content in the cathode the higher the voltage. However, pro-
viding such humidity level could be challenging. The humidity level could be
increased by one of the following: lowering the rate of air flow which would
reduce cathode performance, increasing the air and fuel pressure which would
require energy to run the compressors, or condensing the water from the outlet
gas and use it to humidify the inlet air to the cathode which would require
extra equipment, weight, size and cost [23]. Thus, it is crucial to find an opti-
mum point at which sufficient humidity is supplied for a reasonable performance
which comes also at a justifiable cost and energy.

6. Conclusions

In this paper, a small-signal state-space model was developed for grid-connected

PEM fuel cells including the dynamics of fuel cell stack, DC/DC converter,
DC/AC converter, LCL filter, and control loops of the converters. The sta-
bility analysis for this system indicated a high sensitivity towards changes in
DC-link capacitor, boost converter inductance, boost converter controller gains,
and PLL gains. Though increasing the DC-link capacitor or inductance values
could, respectively, reduce the voltage and current harmonics in the output, it
is crucial to be aware of the potential instability that such increase could cause
in the overall fuel cell system.

Among various operating parameters in a single PEMFC stack, humidity of the
cathode appeared to be the most influential element on the output voltage of
the fuel cell stack, demonstrating the highest voltage at 99% cathode humidity.
When the inlet air flow rate was below 1 Lpm, the output voltage dropped.
However, increasing inlet air flow at rates higher than 5 Lpm did not increase,
nor did it decrease the output voltage of the PEMFC. Based on the acquired

26



674

675

676

677

678

679

680

681

682

683

684

685

686

687

688

689

690

691

692

693

694

695

696

697

698

699

700

701

702

703

704

705

706

707

708

709

results, this work proposes the following optimum conditions for a 100W poly-
mer electrolyte membrane fuel cell: N = 20 cells, fuel flow rate = 2.0 Lpm, air
flow rate = 11 Lpm, T = 50°C, I = 50A, cathode relative humidity = 99%, and
anode relative humidity = 40%. Due to the high cost and complexity incurred
as a result of providing 99% humidity, it is recommended to use 60% cathode
humidity, at which the output voltage would be only slightly lower ( 0.03V) but
achievable with most fuel cell humidifiers available in the market. These results
will be used in the next step of this study which will be focused on 1) devel-
oping ”optimal” controller and PLL gains, 2) analyzing ”time-domain” of the
proposed framework, and 3) ”experimental” validation of the developed model
on a lab-scale microgrid.
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